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Integral inequalities involving Stieltjes integrals developed in this paper are 
generalizations of Gronwall-Bellman inequalities. 
1. INTRODUCTION 
Differential and integral inequalities play a crucial role in the study of the 
stability, boundedness, and various other qualitative properties of solutions of 
differential and integral equations (cf. [2, 3, 71). 
The basic inequality that is prominent in this direction is the following: 
LEMMA (Gronwall [4]). Let f(t) and g(t) b e nonnegative, continuous functions 
on 0 .< t < T, for which the inequality 
f(t) G rl i .c,” &)f (4 as, t E LO, Tl 
holds, where 71 > 0 is a constant. Then 
f(t) < rl exp ([g(s) ds) , t E LO, Tl. 
Due to various motivations, linear, nonlinear, and discrete generalizations 
of this lemma have been made and used considerably in several contexts (cf. 
[2, 31; for an extensive bibliography in this connection see [5] and the references 
contained therein). An analog to the above lemma for modified Stieltjes integrals 
(which does not hold in general) has been obtained in [9]. In [l], a few integral 
inequalities are developed and are employed to study the stability properties of 
solutions of differential systems with respect to impulsive perturbations. 
* This work was done while the author was on the Faculty of Mathematics, University 
of Allahabad-211 002 (U.P.), India. 
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In this paper we develop a few integral inequalities of Gronwall-Bellman 
type for distributions which would enable us to study equations of the type 
Dx = F(t, x) Du, (1.1) 
where Dx and Du denote the derivatives of the functions x and u, respectively, 
in the sense of distributions. Ifu is a function of bounded variation, then Du 
can be identified with Stieltjes measure and will have the effect of impulsively 
changing the state of the system at the discontinuities of U. At the end we 
mention an application of our results to Eq. (1.1). We shall choose another 
occasion to present the study of equations of the above type which largely 
depends upon the results developed in this paper. 
2. AUXILIARY RESULT 
We assume some elementary results of analysis and distribution theory and 
establish an auxiliary result which is vital in proving our main results. 
THEOREM 2.1. Let f and g be two real-valued functions on the real line R 
such that both are of bounded variation on every compact subinterval of R. Then 
fg de$nes a distribution, and the derivative of fg in the sense of distributions is equal 
to the locally summable function (fg)’ given by 
f’(4 id4 + f(x) g’G4 
for almost all x. That is, 
D(fg) = Pfk +fW- 
Proof. If T is a distribution on R and F is a Cc0 function with compact 
support on R, by (T, v) we denote the action of T on y. 
Since f and g are functions of bounded variation on every compact subinterval 
of R, so is fg. Further, fg is measurable and is bounded in every compact interval 
and, hence, is locally integrable. Thus fg defines a distribution on R. 
Let D(fg) be the derivative of fg in the sense of distributions. Let v be a Cm 
function with compact support contained in an interval [a, b]. Then, by definition 
<D(fg)> V> = - (fg, v’> 
= - 1” (fg) (x) q,‘(x) dx 
--oo 
= - . p (fg) (x) 9W dx. c 
GRONWALL-TYPE INTEGRAL INEQUALITIES 547 
Now for almost all x, 
Hence 
- s b (.fd C-4 v’(x) dx a 
But 
- Iab (f’(x) g(x) + f(x) g’(x)> 44 dx - jab U&+9’ (4 dx- - 
s b (./iv)’ (4 dx = Mm) (4 - Mm) (4 a 
=o 
since v(b) = v(a) = 0 by virtue of the support of q being contained in [a, b]. 
Hence 
- 
s” (id (4 T-W dx = 1,” (f’(x) g(x) + f(x) g’(x)) v(x) dx 
a 
= 1” (f’(x) g(x) + f(x) g’(x)) 44 dx. 
That is, 
Since the function f’(x) g(x) + f(x) g’( x IS a locally integrable function, it ) . 
defines a distribution and its action on a Cm function v with compact support 
is given by 
s -1 (f ‘(4 g(x) + f(x) g’(x)) P)(X) dx. 
Hence 
in the sense of distributions. This completes the proof. 
3. MAIN RESULTS 
Now we prove our main results. 
THEOREM 3.1. Let y(t) and u(t) be nonnegative functions of bounded variation 
with u(t) increasing and let K(t) be a nonnegative function integrable with respect 
to u(t) on 0 < t < T, for which the inequality 
y(t) G C + Lt KW ~(4 d44 O<t,<T, (3.1) 
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holds, where C > 0 is a constant. Then 
y(t) G C [ 1 + l W exp ( lst WI) dh)) d44] , 
for 0 < t < T. 
Proof. Let x(t) = $, K(S) y(s) du(s). Clearly x(t) is a function of bounded 
variation and in view of (3.1) 
Hence 
y(t) < c + x(t) and Dx = K(t) y(t) Du. 
That is, 
Dx < K(t)(C + x(t)) Du 
= K(t) x(t) Du + M(t) Du. 
Dx - K(t) x(t) Du < CK(t) Du. (3.2) 
Multiplying both sides of (3.2) by exp(-Ji K(T) du(q)) and using Theorem 2.1, 
we obtain 
D [ (exp (-J^,I ~7)47))) x] GWt) [exp (-lo d+))] Du. 
Integrating with respect to t between 0 and t, 
[exp (- r,’ K(7) Wd)] x(t) - 40) G C tt K(s) [exp (- c K(7) dh)!l d@(s). 
That is, 
x(t) G C .I” K(s) [exp (s,” K(7) du(?))] d44 
since x(0) = 0. 
Using the fact that y(t) < C + x(t) we see that 
r(t) G C [l + St fW [ev (J” K(7) 47))] WI] 
0 8 
for t E [0, T]. This completes the proof. 
THEOREM 3.2. Let y(t), f(t), and u(t) be functions of bounded variation with 
u(t) increasing and let K(t) be a nonnegative function integrable with respect o u(t) 
over 0 < t < T. Further, let the inequality 
y(t) G f (t) + j; K(s) ~(4 du(s), t E CO, Tl, (3.3) 
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hold, Then 
for all t E [0, T]. 
Proof. Let 
44 = Lt K(s) ~(4 du(s), x(0) = 0. 
In view of (3.3) 
r(t) G f(t) + 40. 
From (3.4) 
That is, 
Dx = K(t)y(t) Du 
< W)(f (4 + x(t)) Du. 
Dx - K(t) x(t) Du < K(t) f (t) Du. 
(3.4) 
(3.5) 
Multiplying both sides by exp(-Ji K(T) du(v)), integrating with respect to t 
between 0 and t, and using (3.5), we see that the result follows. 
Now in the sequel we suppose that u is absolutely continuous on [0, 2’1, 
where u’(t), which exists a.e. is nonnegative or in particular u(t) = t. Then we 
have the following: 
Remark 3.1. If the functions y, f, and g are piecewise continuous on 
0 < t < T and g is nonnegative, then Theorem 3.2 reduces to a theorem of [q. 
Remark 3.2. In Theorem 3.2, setting K(t) = L > 0, a constant, f(t) and 
y(t) are nonnegative integrable functions on 0 < t < T, we see that Lemma 1 
of [l] follows. In addition to the above if f (t) has bounded variation on [0, T], 
then Theorem 3.2 reduces to Lemma 2 of [l]. 
Remark 3.3. The choice that K(t) and y(t) are nonnegative continuous 
functions on 0 < t < T and f(t) is any continuous function on 0 < t < T 
reduces Theorem 3.2 to Corollary 1.9.1 of [7, p. 381, which is a generalized 
version of the celebrated integral inequality of Gronwall-Bellman type. 
4. APPLICATION 
Consider the differential equation (1.1) where F: [O, CO) x W -+ W, [w” 
the real n-vector space. Let u: [0, W) + R be a right continuous function of 
bounded variation on compact subintervals of [0, co). 
Let S be an open connected set in UP and let I be an interval with left endpoint 
t,, > 0. A function x(.) = x( ., t, , x,,) is said to be a solution of (1 .l) through 
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(t, , x,,) on the interval I if x(.) is a right continuous function of bounded varia- 
tion in S (i.e., x(.) E BV(I, S)), x(t,,) = x0 , and the distributional derivative of 
x( .) on (t, , a) for any arbitrary 01 E I satisfies (I. 1). Assume that for each x( .) E 
BV(I, S), F(t, x(t)) is integrable with respect to the Lebesgue-Stieltjes measure 
du. Then, as in [S], x(.) is a solution of (I .l) through (to , x0) on J = [to , t, + b] 
if and only if it satisfies the integral equation 
for tc J. 
(4.1) 
Now, as an application to our results we shall prove the uniqueness of the 
solution of (1.1) under the hypothesis that F is Lipschitzian. If possible, let x(t) 
and y(t) be two solutions of (1.1) through the same point (t,, , x,-J, i.e., x(t,) = 
x0 = y(t,,). Let Z(t) = 1 x(t) -y(t)]. Clearly Z(t,) = 0, and from (4.1) we see 
that z(t) d L .fio z(s) d u s ,( 1, w h ere v, is the total variation function of u, and L 
is the Lips&& constant. Now Theorem 3.1, with C F= 0 and K(t) = L, 
completes the proof. 
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